’- SYDNEY GRAMMAR SCHOOL

2010 Trial Examination

FORM VI
MATHEMATICS 2 UNIT

Tuesday 3rd August 2010

General Instructions
¢ Reading time — 5 minutes

o Writing time — 3 Hours

Write using black or blue pen.

A list of standard integrals is provided
at the end of the examination paper.

All necessary working should be shown
in every question.

Start each question in a new booklet.

Structure of the paper
s Total marks — 120
o All ten questions may be attempted.

e All ten questions are of equal value.

Checklist
¢ SGS booklets — 10 per boy
o Candidature — 85 boys

Board-approved calculators may be used.

Collection

e Write your candidate number clearly
on each booklet.

¢ Hand in the ten questions in a single
well-ordered pile.

e Hand in a booklet for each question,
even if it has not been attempted.

¢ If you use a second booklet for a ques-
“tion, place it inside the first.

o Place the question paper inside your
answer booklet for Question One.

Examiner
SO
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QUESTION ONE (12 marks) Use a separate writing booklet.

3-6 %74
Vo6 425

(b) Factorise z° — 125.

{(a) Find the value of

(c) If (V7 —3)(2V/7 -+ 2) = p+ ¢V/7, find p and q.

2
(d) Simplify % - $Z .

(e) Solve |z ~ 1] < 3.

(f) Solve cosf = ?, for 0 <8 < 2m.

correct to 2 significant figures.

(g) Find the sum of the first 17 terms of the arithmetic series 3+ 11+ 19+ ---.

Exam continues next page ...
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QUESTION TWO (12 marks) Use a separate writing booklet. Marks

(a)

Y
C(1,6)

B(%1,4)<

A(3,0) D
In the diagram above, ABCD is a trapezium with AB || DC. The coordinates of 4, B
and C are (3,0), (—1,4) and (1, 6) respectively. D lies on the z-axis.

(i) Find the length of AB.

(it) Find the gradient of AB.
(iii) Find the equation of the line CD, and hence find the coordinates of D.

(iv) Show that the perpendicular distance from A to the line CD is 2v/2 units.

2] [re] [} [=] []

(v) Hence, or otherwise, calculate the area of the trapezium ABCD.

(b)
A

B 5 C

In the diagram above /BAC = @ as shown.

(i) Find the exact value of cos#.
(ii) The point D lies on AC. Given that AD = 3, calculate the exact length of BD. El

Exam continues overleaf ...
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QUESTION THREE (12 marks) Use a separate writing booklet. Marks

(a) Differentiate the following functions:
(i) y=32"+ 1
v= T

(ii) ¥ = 3(2z — 5)*

(iif) y = ztanz

(o] Dof[e] [w]

(b) Find the equation of the tangent to the curve y = log, z at (e, 1).

(c) Find f sec? iz dz.
1
4
I . 2
(d} Evaluate /0 T lda:

Exam continues next page ...
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QUESTION FOUR (12 marks) Use a separate writing booklet. Marks

(a) Consider the parabola 2% = 4(y — 2).

(i) Write down the coordinates of the vertex.
(i) Find the coordinates of the focus.
(b)
X >,
w
20
5 \
g

VA

Y

The diagram above shows AXY Z which is right-angled at Z. The interval ZW is
perpendicular to XY. Let /WY Z =8.

(i) Show that /WZX =#.
~ (ii) Hence prove that AW ZX is similar to AWY Z.
(iti) Let XW =qa. U WZ =5 and WY = 20, find a.

(=1 [] [=]

(c) Let a and f be the roots of 3z% — 4z — 2 = 0.

(i) State the value of af.

5 b
ii) Find — + —.
(i1) Fin a+ﬂ

(o] =]

(d) The second term of a geometric series is 270 and the fifth term is 80.

(i) Find the common ratio and the first term of the series.

(ii) Find the limiting sum of the series.

[=][~]

Exam continues overleaf ...
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QUESTION FIVE (12 marks) Use a separate writing booklet. Marks
(a) Consider the curve y = z° — 3z + 2.

(i) Find the coordinates of the stationary points and determine their nature.

(i1) Find any points of inflexion. @

(iii) Sketch the curve, showing the stationary points and any points of inflexion.

(iv) For what values of x is the curve concave down?

The graphs of the functions y = z° + z — 12 and y = —2? + 3z are shown in the
diagram above. They intersect at (3,0) and at P.

(i) By solving simultaneously, show that P has z-coordinate ~2.

(if) Calculate the area of the shaded region.

Exam continues next page ...
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QUESTION SIX (12 marks) Use a separate writing booklet.

(a)

Throwing Area

The diagram above shows the javelin competition area at an athletic stadium. The
circular arcs AD and BC have centre O. The arc AD has length 40 metres and radius
50 metres.

(i) Calculate the size of ZAOD in radians.

(ii) The worst throw of the day landed on the arc AD and the best throw of the
day landed on the arc BC. If AB = 10 metres, calculate the area of the region
ABCD in which all the other throws landed.

Julian’s house is being overrun with Black European cockroaches. Assume that with-
out intervention the population P of cockroaches grows exponentially according to
the equation P = Ae®®, where A and k are constants, and t is the time in days. When
Julian leaves for a holiday there are 50 cockroaches in his house. After ten days the
cockroach population has increased to 275.

dP
(i) Show that P = Ae* satisfies i EP.

(ii) Find the exact value of k.

(iil) When the cockroach population exceeds 2000, the house will be declared an area
of infestation. Julian returns from his holiday after 3 weeks. Will he discover an
infestation when he arrives home?

Exam continues overleaf ...
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(c)

y=lnzx

In3

In the diagram above the shaded region is bounded by the curve y = Inz, the z-axis,
the y-axis and the line y = In3. Calculate the exact volume of the solid formed when
the shaded region is rotated about the y-axis.

Exam continues next page ...
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QUESTION SEVEN (12 marks) Use a separate writing booklet. Marks
Find the value of hthat | - dz=1
(a) Find the value of m such tha , mde=1
2

- (b)

In the diagram above ABC D is a parallelogram and X is on BC such that AX bisects
LBAD and DX bisects LCDA. Let /XAD = o and LXDA = 5.

(i} Prove that AABX is isosceles.
(ii) Prove that ZAXD = 90°.

(=] ][]

(c) (i) Copy and complete the table for the function y = zsinz, writing the y-values
correct to four decimal places.

i T
T 0 3 5 =7 s

Y

(i) Use Simpson’s rule with five function values to approximate / zsinz dz. Round
0

your answer to two decimal places.

d ki
(iii) Show Zf——(sin z—x cosz) = zsinz, and hence find the exact value of / zsinzdz.
T 0

(=] [

(iv) Hence determine the percentage error in your approximation in part (ii). Write
your answer correct to one decimal place.

Exam continues overleaf ...
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QUESTION EIGHT (12 marks) Use a separate writing booklet. Marks

(a) Given that z = % is one root of the quadratic equation mz? + 7z — m = 0, find the
other root.

(b) Sophie has a toy that she uses to blow spherical bubbles. The rate of change of the
volume V cm® of a bubble is given by
dv. 6t
i t2+1
(i) Find the equation for the volume V of a bubble ¢ seconds after Sophie starts
blowing. Assume that the initial volume of a bubble is zero.

(ii} A bubble will burst when its radius exceeds 1-5cm. Sophie takes a deep breath
and blows a bubble. After how many seconds of blowing will it burst? Give your
answer correct to one decimal place.

(¢) Y

cm?/s.

y = f'(x)

/

The diagram above shows the graph of the gradient function y = f’ (x) of the function
y = f(z).
(i) For what values of z is the function y = f(z) increasing?

(ii) For what values of z is the curve y = f(x) concave down?

(iii) Given that f(0) = 2, draw a possible sketch of y = f(z).

[eo] [=] [=]

Exam continues next page ...
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QUESTION NINE (12 marks) Use a separate writing booklet. Marks

(a) Solve 2sin®a —cosa+1=0, for 0 < a < 2.

(o] [e]

(b) Solve logg(z -+ 3) + logg(z — 2) = 2.

(c) A particle is moving along the z-axis . Its position at time ¢ is given by z = 5¢ 7 sin .
(i) Show that its velocity is given by v = 5¢ ™ *(cost — sint).
(i1) Where is the particle initially, and what is its initial velocity?

(iii} At what time during the interval 0 < ¢ < 7 is the particle stationary?

(=] {o] [] [=]

(iv) Assuming that its acceleration at time ¢ is & = —10e™? cos ¢, find the time during
the interval 0 < t < w when the acceleration is zero.

Exam continues overleaf ...
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QUESTION TEN (12 marks) Use a separate writing booklet. Marks

(a) Nick has found his dream home and needs to borrow $700000 from the bank to be
able to purchase it. He has calculated that he is able to afford monthly repayments of
$6000 per month. The loan plus interest is to be repaid in equal monthly instalments
of $M over 30 years. Reducible interest is charged at 9-6% per annum and is calculated
monthly. Let $4, be the amount owing after n months.

[ee]

(i) Write down expressions for A; and A, and show that the amount owing after
3 months is given by Az = 700 000(1-008)% — M (1 + 1-008 + 1-008%).

(ii) Hence show that A, = 700000(1-008)" — 125M(1-008™ — 1).

(iii) Calculate the monthly instalment $M, correct to the nearest dollar, and deter-
mine whether Nick will be able to purchase his dream home.

] [=]

(b)

25cm

A cylinder is inscribed in a cone of radius 9 cm and height 25 cm.

(i) Show that the height h of the cylinder is given by |
25(9 — r) |
=22V 0
9 H

where 7 is the radius of the cylinder.

(ii) Find the volume V of the cylinder in terms of r.

(] [=]

(ili} Hence find the maximum possible volume of the cylinder.

END OF EXAMINATION
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